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INTRODUCTION

Lattice theory is an important part of Mathematics. Distributive lattices with
Pseudo complementation have played many roles in development of lattice theory.
Historically, lattice theory started with Boolean distributive lattices: as a result, the
theory of distributive lattices is the most extensive and most satisfying chapter in the
history of lattice theory. Distributive lattices have provided the motivation for many
results, in general lattice theory. Many conditions on lattices and on element and
ideals of lattices are weakened forms of distributivity is imposed on lattices arising in
various areas of mathematics, especially algebra.

In lattice theory there are different classes of lattices known as variety of lattices.
Class of Boolean lattice is of course the most powerful variety. Throughout this thesis
we will be concerned with another large variety known as the class of distributive
Pseudo complemented lattice have been studied by several authors

[11.[2].[3].[41.[5].[6].

On the other hand extended the notion of Pseudo complementation for meet semi
lattices.

There are two concepts that we should be able to distinguish: a lattice
<LAV>, in which every element has a Pseudo complement and an algebra,
<LAV,*,0,1> where <LAV,0,1> is a bounded lattice and where, for every a € L,
the element a* is a Pseudo complement of a. We shall call the former a Pseudo
complemented lattice and the later a lattice with Pseudo complementation (as an
operation).

The realization of special role of distributive lattices moved to break with the
traditional approach to lattice theory, which proceeds from partially ordered sets to
general lattices, semi modular lattices, modular lattices and finally distributive
lattices.

In order to review, we include definitions, examples, solved problems and proof
of some theorems. This work is divided into four chapters.

vi



Chapter-one is a prelude to the main text of the thesis, related to poset and various
types of lattices, such as sublattice, ideal of lattice, bounded lattice, complete lattice.

In chapter two we have discussed “Modular and distributive lattice” and this
chapter is the concept of this work. Here we study the definition and examples of
modular and distributive lattice. Some important theorem like “A modular lattice L is
distributive if it has no sublattice isomorphic diagonal lattice Ms ”. Every modular
lattice is distributive but converse is not true.

The next chapter we discuse “Prime ideal of a lattice”, “Minimal prime ideal”
and “Minimal prime n-ideal”.

Chapter four dealt with the Distributive lattices with Pseudo complementation.
This is the main part of my work. In this chapter we have discussed some definitions
and some important theorems like “Any complete lattice that satisfies the Join Infinite
Distributive (JID) identity is a Pseudo complemented distributive lattice.”
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CHAPTER |
PRELIMINARIES

1.1 Some Definitions of Lattices:

Definition 1.1.1. Let A and B be two sets and from the set A x B of all ordered pairs (a,b) with
a € B. If A=B, we write A2 for A x A. Then a binary relation R on A can simply be defined as a
subset of Az The elements a,b (a,b € A) are in relation with respect of R if (a,b) €R.
For (a,b) € R, we will also write “a Rbor a=Db(R)” and as “ aisrelated to b by R ™.

Definition 1.1.2. A non-empty set P together with a binary relation R is said to be a partially
ordered set or a poset if the following conditions holds:

For all a,b,c € P we have

(P1) aR a i.e Pis reflexive
(P2)aRbandbRaimplythata=Db i.eP is anti-symmetric
(P3)aRbandbRcimplythataR c i.e P is transitive.

For convenience, we generally use the symbol < in place of R. Thus whenever we say that P is a
poset, it would be understood that < is the relation defined on P, unless another symbol is
mentioned.

Examples 1.1.3. (i) Let X be any set,then (P(x), € ) is a poset.

(i) Let N be the set of natural numbers under the usual <
is a poset.

(i) The integers, rationals and real numbers also from
posets under usual <

Definition 1.1.4. A poset (A ; <) is called a chain if it satisfies the following condition (P2)
as<borb<a, va, b €A (linearity)

Remark 1.1.5. A chain is also known as a totally ordered set or a toset on a linearity ordered
set.

Definition 1.1.6. Let (P, <) be a poset and a,b € P, Then a and b are comparable if a<b or
b < a, otherwise a and b are incomparable in notation a || b.



Remark 1.1.7. A chain is therefore a poset in which there be no incomparable element.

Definition 1.1.8. Let @ be a relation defined on a set X.Then converse of @ (denoted by @ ) is
definedbyadbebda; abeX.

If (X,®) be a poset then the poset (X,®) where X=X and ® is converse of @ is called dual of X.

Theorem 1.1.9. If a set X is from a poset under a relation ®, then X from a poset under ®, the
converse of .

Proof:
adaasadaforall a € X shows ® is reflexive.

Leta®bandb®athenb®aandadbieadbandbda=a=h.
Thus @ is anti —symmetric.

Letad® b,bdcthenbda,cdb

Or,cdb,bda

Or,cda= adc

Or that @ is transitive and hence is a partial ordering. ]

Remark 1.1.10. We will use the notations a A b =Inf{a,b} and a Vb =Sup{a,b} and call A, the
meet and V, the joint. In lattice, they are both binary operations which means that they can be
applied to a pair of elements of L. Thus A a map of L2 into L, and so V.

Example 1.1.11. (i) Let X be a non-empty set. Then P(X) the power set of X under “ contain in
” C Relation from a poset and this poset (P(X),<) is a lattice.Here for A,B € P(X) [A, B are
subset of X].

AAB=ANnBandA vB=AUB.
As a particular case, when X={a,b}

P(X)= {0 .{a}.{b}{a,b}}
Then (P(X), ) is represented by the following figure 1.1



{a,b}

ta} b}

)
Fig. 1.1

(i) Let the set X={1,2,4,5,10,20} of the factors of 20 under divisibility forms a lattice. It is
represented by the following figure 1.2. When the particular ordering relation is divisibility that
is, when we define the relation as a < b iff a/b. Then a A b=g.l. b(a,b) and alVb=[.u. b(a,b). By
definition a 2 b = Inf{a,b} and if Inf(a,b)=x, then we should have x<a, x<b and ify<a,
y < b then y < x. Which implies that x/a, x/b and if y/x. Now by definition g.l. b (a,b)= c means
c/a, c/b and if d/a, d/b then d/c. Therefore we have g.l. b (a,b). Similarly l.u.b (a,b)=a vb.

20

10

1
Fig. 1.2

Theorem 1.1.12. Forany aandbin a lattice (L,<),a<a Vb,asnb<a

Proof:

Since the join of a and b is an upper bound of L, hence a < a b. Since the meet
of aand b is a lower bound of L, hence a 21 b <a. ]



Theorem 1.1.13. If L is any lattice then for any x,y,z € L, the following results hold.
(L) XAX=X,X VX=X ( Idem potency )
(L2) XAYy=yAX, X VY=Y VX ( Commutative )
(I13) xA(yA2)=(xAy)Az
XV vy)=Kxvy) vz ((Associativity )
(L4) xA(xVvy)=x

X V(XAY)=X ( Absorption identities ) ]

Theorem 1.1.14.
(i) Let the poset L=(L;<) be a Lattice. Set e; A e,=Inf{e;,e,}, e; V e,=Sup {e;, e, }.
Then the algebra L*=(L; A, V) is a lattice.
(ii) Let the algebra L=(L; A, V) be a lattice. Set e; < e, iff e; A e,=e;. Then LP=(L;<)
IS a poset and the poset L? is a lattice.
(iii) Let the poset L=(L; 4, V) be a lattice, then (L*)P=L.
(iv) Let the algebra L=(L; A, V) be a lattice, then (LP)%=L.
Proof:
(i) Since L=(L;<) be a lattice, so e;Ae,= Inf{e;, e, } and e;Ve,= Sup {e;, e, } existin L.

Now V e; € L, e; Ae,= Inf{e;,e,}=e; and V e; € L, e; V e,= Sup{e,, e, }=e;. i.e idempotent
law is satisfied.

Fore;, e, € L,e; Aey=Inf{e;, e, }=Inf{e,, e;}=e, A e;
Similarly e; Ve,=e, Ve
i.e satisfies the commutative law Ve,.e,.e3 € L,
e;1 N( ey A eg) = Inf{e; Inf{e,, e3}} = Inf{Inf{e;, e, },e3} = (e; Ney) Aesg

Similarly, e; V(e; Ves)=(e; Vey)Ves



i.e so it has the associate property.

Finally for all e;, e, € L, e; A(ey Ves)=Inf{e;, Sup{e,, e;}} =¢;
Similarly e; V(e; N e3)= Sup{e;, Inf{e;, e;}} =e;

Which is absorption law.

Therefore L*=(L; A, V) is a lattice.

(i1) Here algebra L=(L; A, V) is a lattice.
Now for e;,e; € L, e; < e, iff e; = e; A ey, Clearly ,” <” is reflexive as A is idempotent.
Suppose, e; < e, and e, < e;,thene; =e; Aeyand e, = e, Aey.
Thus e; = e, as A is commutative
Hence < is anti-symmetric.
Now, lete; < e, ande, < e;, thene; =e; Aeyande, = e, Aes.

ThUS el = el N ez

e; N(ex Ne3)

(eq Ney) Aeg [as A is associative]
=e, Neg
Then e; < e; and so < is transtitive.
Therefore (L;<) is a poset.
Now (e; Aey)ANes=e  A(ex Aey)
=e,N(eg Ney)
=(e;ANej)Ney
=e Ney
And (e; Aey)Ney=e; A(epa Aey) =e; Aey

Therefore, e; Ae, <ejande; Ne; < ey



Now suppose X < e;, X < e, forsome x € L
Thenx=X /e, X=XANe,
Thusx=(X/Me;)= (X ANey) Ney,=xXA(e; Aey)
This implies x < e; A e, and so e; A e;=Inf{e,, e,}
Hence Inf{e,, e, } exists in L.
Finally, for e, e, € L,
e N(egVey,) =e; ande, A (eqVe,) =e, (byabsorption law)
So, e; < (e;Vey)ande, < (e;Ve,)
Now, lete; <y ande, <y forsomey € L
Thene, =e; Ay and e, = e, AY
So, e, Vy=(e; Ay)Vy=y and e, Vy=(e, Vy) Vy=y
Hence (e; Vey) Ay =(es Ve,) A(ey VY)
= (e1Vey) N(ey Viez VY))
= (e1Vex) N ((er Vez) VY)
=e, Ve, (absorption law)
This impliese; Ve, <y and so e; V e,=Sup{e;, e,}

Therefore Sup{e;, e,} existin L and so LP=(L;<) is a lattice.

(iii) Is trivial from the proof of (ii) as the infimum and suprimum of a and b
in original poset and the final poset are both equal to e; A e, and e; V e, respectively.
Therefore the partial ordering relation L and (L%)? are identical.

So, (L%)P=L n



Problem 1.1.15. Prove that the absorption laws imply idempotency laws.
Solution:
By the definition of absorption law we get
XA X VYy) =X 0]
and XV(XAY)=X (i)
Take y =x Ay from (i), we get
M =xAKxXVXAY))=X
= X /1 X = X which is idempotent law.

Therefore, absorption laws imply idempotent law.

Theorem 1.1.16. Let (L ; @) be a poset, then (L ; ® ) also a poset.
Proof:
Since @ is reflexive, sox @ x , V xe L.
This implies x ® x, V x€ L.
i.e @ isreflexive.
Letx dyandy @ x.
Theny @ x and x @y, this imply x=y as ® is anti-symmetric.
Therefore @ is anti-symmetric.
Suppose X Py, y ® z
Theny ® xandx ®y
Thus x @ y and y & z this implies z ® x as @ is transitive.

Therefire x ® zand @ is transitive. Hence (L ; @) is a poset. [



Definition 1.1.17.

Complete lattice: A Lattice L is called complete if A H and V H exist for any subset H < L. The
concept is self-dual and half of the hypothesis is redundant.

Definition 1.1.18.

Bounded lattice: A complemented lattice is a bounded lattice in which every element has a
complement.

Theorem 1.1.19. Union of two sublattices may not be a sublattice.
Proof:

Consider the lattice L={1,2,3,4,6,8,12,24} of factors of 24 under divisibility.

24

12

1
Fig. 1.3

Then S={1,2} and T={1,3} are sublattice of L. ButS v T={1,2,3} is not a sublattice

as 23eSvyThut2v3=6¢S vT. u

Theorem 1.1.20. A lattice L is a chain iff every non empty subset of it is a sublattice.
Proof:

Let S be a non empty subset of a chain L then a,b € S implies that a,b € L implies
that a,b comparable, leta < bthenanb=a€ S,a vb=Dbe S, therefore S is a sublattice.



Conversely, let L be a lattice such that every nonempty subset of L is a sublattice. We show that
L is a chain. Let a,b €L be any elements, then {a,b} being a non empty subset of L will be a
saublattice of L. Thus by definition of sublattice a A b € {a,b} implies thata< b orb < a .i.e.
a,b are comparable. Hence L is a chain. |

Theorem 1.1.21. The algebra <L; A, V> is a lattice iff < L; A> and < L; > semi-lattices and
a=a A b is equivalent to b=a vb.

Proof:

Let A and Vv are two binary relations on L. Since < L; A, V> is a lattice then A
and Vv satisfy the following conditions : For all a,b,c € L,asna=a,aVva=a;aAb=bAa,
a Vb=b va;

an(bac)=(@ab)ac,av(pvc)=(avb) Vc;so<L;A>and<L; V>are semi-lattices.

Leta=a A bthena vb=(a b) Vb =b. Conversely, let <L; A>and < L; A> are semi-lattices
then the above three conditions hold. So we need only to show the absorption identities hold in
L.asA(avb)=asb=aanda V(aAb)=ala=a,so <L; A V> isa lattice. ]



1.2 Some algebraic concepts :

Definition 1.2.1. A non empty set L together with two binary composition A and V is said to
form a lattice if va,b,c € L, the following conditions holds-

L, : Idempotency: asAa=a,alva=a

L, : Commutativity: anab=Dbaa,avb=bvra

Ls s Associativity:  aA(bAac)=(asb)ac
av{vc)=(avb)vc

L, : Absorption : an(avb)=a,av(@ab)=a

Definition 1.2.2. A poset P satisfies the descending chain condition if every non-empty subset
of p has a minimal element.

Definition 1.2.3. Sublattice: A non-empty subset S of a lattice L is called a sublattice of L,
ifa,be S

= aAb,avb € S.

Example 1.2.4. Let L be a lattice L={1,2,3,4,6,12} and S be a sublattice of L. S={1,2,3,6}

Definition 1.2.5. Complements: Let x,y be any elements of a lattice L. If x Ay =0 and
x Vy = 1 then we say y is complements of x.

Definition 1.2.6. Relative Complements: Let [a, b] be an interval in a lattice L. Let x € [a, b]
be any element if 3y € Lsuchthatx Ay =a,xVy=»b

We say that y is a complement of x relative to [a, b] or y is complements of x in [a, b].

Definition 1.2.7. Complemented: If every element x of an interval [a, b] has at least one
complement relative to [a, b], the interval [a, b] is said to be complemented.

If every interval in a lattice is complemented, the lattice is said to be relatively complemented.

Definition 1.2.8. Let P, and P, be two posets. A map ®: P, — P, is called an isotone if for
abeP witha<b= ®@@)<db)inP,.

10



Definition 1.2.9. Suppose (L, A, V) and (L,, A, V) are two lattices. A map &: L; — L, is
called a meet homomorphism if for a,b € L;, ®(a /1 b)= ®(a) A ®(b) in L,. On the other hand
®: L; — L, is called a join homomorphism if fora,b € L;, ® (a vb)= ®(a) v ®(b) in L,.

Definition 1.2.10. Suppose (L, A, V) and (L,, A, V) are two lattices. A map ®:L; — L, is
called homomorphism if ®(a/b)=d(a)A ®(b) and d(alh)= d(a) Vd(b) inL,, foranya, b € L;.

11



1.3 Ideal Lattices

Definition 1.3.1. A non empty subset I of a lattice L is called an ideal of L is
(abel =avbel
(ilael,leL=anl €l

If L is bounded then {0} is always an ideal of L and is called the zero ideal.

Definition 1.3.2.

Dual Ideal: A non empty subset F of a lattice L is called a dual ideal (or filter) of L iff
()xyeF=xAy€ F
(i) xeF,leL=XxVIEF

Definition 1.3.3.

Principal n-ideal: Let L be a lattice and a € L be any element. Let (a]={ x € L/x< a}, then (a]
forms an ideal of L. Itis called principal ideal generated by a.

Prime Ideal: An ideal A of a lattice L is called a prime ideal of L if A is properly contained in L
and whenevera A b€ AthenaeAorbeA.

Theorem 1.3.4. Intersection of two ideals is an ideal.
Proof:

Let I; and I, are two ideals of a lattice L. Since I, I, are non empty, there exists
somea€ I;,be I,. Nowa€l,bel, €L impliesthata nb € I,. Similarlya A b € I,. Thus
L NI, # ®. Let x,y € I; n I, be any elements implies that x,y € I; and x,y € I, implies that
XVy€e landx Vy€ I, as I, I, are ideals. So, x Vy€ I, nI,. Again if xe I, n I, and l€ L be
any elements then x€ I;, X€ I,, L € L implies that x Al € I, and x A [ € [, implies that
xAle Lnl,.Hence ;NI isanideal. m

12



Theorem 1.3.5. A non empty subset I of a lattice L is an ideal iff
()a,b € I'impliesthata vb eI
(i) ae I, x< aimpliesthatx € I

Proof:

Let I be an ideal of a lattice L. By definition of ideal (i) is satisfied. Let a € I,
x<a thenx=aAxel

Conversely, we need show thata € I, L € L impliesthata A1 € LsinceaAl <aand a€ [. By
given condition a A1 € 1. Hence I is an ideal. ]

Theorem 1.3.6. Every ideal of a lattice L is prime iff L is chain.
Proof:

Let ab€e L, so a /1 be L. Consider (a A b] by hypothesis I=(a 4 b] is prime
implies that either a=a A b or b=a 4 b implies that either a < b or b < a. Hence L is chain.

Conversely, Let L be a chain and 1 be an ideal of L. Suppose, a /1 be P, since L is chain, either
a<borb<aimpliesthata € I or b € I, therefore I is prime. ]

Theorem 1.3.7. Let L be a lattice the following conditions are equivalent:
(i) L is distributive.
(ii) For any ideal I and any filter F of L,

Such that I n F= @, there exists a prime ideal P 2 I and disjoint from F. [ ]

13



CHAPTER II

Modular and distributive lattice

Introduction : Distributive lattices, modular lattices and Boolean algebra has been studied by
several authors including Katrinak [1], H. Lakser [3], A.S.A Noor & M.A Latif [7], W.H Cornish
[8], A Davey [9], G. Gratzer [10] and Vijjay K Khanna [11]. In this chapter we discuss
distributive lattices and modular lattices which are basic concept of this thesis.

Definition 2.1.1. A lattice L is called a modular lattice if v x,y,z € L, withx>y
XA VZ)=(XAY) V(X A2)=y V(X A2Z)
Remark 2.1.2.
(i) If in the above definitiona =b, we finda A (b vc)=a A (a vc) =a
bv(@ac)=av(@ac)=a
i.e the postulate is automatically satisfied.
(i) If c>b
Thena=b,c>b
= avc=baac=b
Thusa A (b vc)=a Ac
bv@ac=asc
(iii) Dual of the modularity postulate will real as for a,b,c € L witha<b
avbac)=ba(avec)

which is nothing but the original postulate. Hence dual of a modular
lattice is modular.

14



Example 2.1.3. The lattices given by the following diagrams are modular.

u u

Fig. 2.1

In the first we cannot find any triplet a,b,c such that a>b and c is not comparable with a or b.
Hence by the remark above it is modular. By similar argument the second lattice is also seen to

be modular.

Example 2.1.4. The pentagonal lattice is not modular.
1

Fig. 2.2
Here, x Ay VZ) =xA1l=Xx
xAy)vz=xvz=1
XA VZ) #=(XAy) Vz

Hence the pentagonal lattice is not modular.

15



Lemma 2.1.5. The following inequalities hold in any lattice:

N xAy) vixaz)<xA(y vz)

(iyxviyaz) <X vy)a(x vz)

(i) XAY) VY AZ) VEAX) S (X VY) Ay VZ) A(Z VX)
Proof:

(i) In any lattice (x Ay) <X, (X AY) <y, y <y Vz implies that (x NYy) <X, XAy < yVz
implies that x Ay is a lower bound of {X,y Vz}: X Ay <xA(y V2) 0]

Again in any lattice, (x 1z) <x, (x 12) <z,z<y Vvzimpliesthat (x 1z) <x,x Az <y Vz implies
that x A z is a lower bound of {x,y Vz}. = xAz2< X A(y V2) (i)

From (i) and (ii), we can say that x 4 (y Vz) is upper bound of {x Ny, x A2 }.

Thereforex A (y Vz) < (X 1Y) V(X A2).

(ii) In any lattice, x< x VY, y< X Vy,y Az<yimplies that X Vy=Xx, X Vy=y,y=>y Az
implies that x V'y= x, X Vy=y A z implies that x Vv y is upper bound of {x, y A z}
LX VY= X Uy Az)impliesthatx V(y Az) < X Vy Q)

Again, x< x Vz,z<x vz,yAz<zimpliesthatx Vz=x,x Vz=12z, 2>y Az implies that
X Vz=X, X Vz=yAzimpliesthat x 'z is upper bound of {x, y /4 z} (i)

From (i) and (ii)

XV (Y A 2) is a lower bound of { x 1y, x vz}
Therefore x V(y A1z) <(X Vy)A (X Vz).

(iii) In any lattice, x Ny < X, X< X Vy

Implies that x Ay < x 1y ()
Againx Ny<y,y<y vz

Impliesthatx Ny <y vz (i)

AlsoX Ny< X, X<z VX

16



Impliesthat x Ny <z VX (iii)
From (i),(ii),(iii) we can say that x Ay is lower bound of { x Vy,y Vz,z Vx}
AXAYS (X VY) Ay VZ) A(Z VX) (A)
Againy Az<y,y<x Vyimpliesthaty 1z<x 1y (iv)
AlsoyNz5z2,7<y vz

Impliesthaty N1z <y vz (V)
AndyAz<z,2<z VX

SYANZSZ VX (vi)
From (iv),(v) and (vi) we can say that y A z is lower bound of { x Vy,y vz ,z vx}.
SYANZS (X VYY) A VZ) A(Z VX) (B)
Similarly, zAXx< (X Vy) A(y Vz) A (Z VX) ©
From (A),(B) and (C) we can say that (x Vy) A(y Vz) A(z VX) is upper
boundof {x Ay ,yAz,zAx}.

S(XAY) VY AZ) VEAX) (X YY) Ay V) A(zZ VX) |

Theorem 2.1.6. Dual of a modular lattice is modular.
Proof:
Let L be a modular lattice. Let a,b,c € L, since L is modular a > b.
~aA(vc)=(@ab)v(@ac)=bviasac) Vab,ceL
Now we have to show that dual of L is modular
ieavbac)=(avb)a(avc) Vvab,ceD
Here D is the dual of L. Let a, b, ¢ € D be any there element,
then(@asb) v(@aac)=[(asb) va] An[(asb) vc]

=aAb[(asb) vc]
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=aA[(c va) a(c vb)]
=aA(bvc)

Therefore D is modular. Hence dual of a modularlattice is modular. ]

Theorem 2.1.7. If L, and L, are modular iff they are Cartesian products are modular.
Proof:
Let L; and L, be modular. Let (xq, y1), (x5, ¥2), (x3, ¥3) € Ly X L, be three
elements with (x4, y1) = (x3,y3). Then xq, x5, X3 € L1, x; = X3
Y1, Y2, V3 € Ly, y; = y3 and since L, and L, are modular.
We get x; N (x, Vx3) =(x; AXxy) Vs,
y1 A (Y2 Vys) =(y11Y2) Vys
Thus (1, y1) /1 [(x2, ¥2) V(x3,¥5)]
= (x1, y1) A [x2Vx3, y2Vy3 ]
= (1 A (x2Vx3) , ¥1 A (V2 VY3))
= ((x1 A x2) Vxz, (Y1 A¥2) Vys)
= ((x1 A X2, ¥1 Ny2) V(x3,¥3))
= [(e1, y1) 1 (x2, y2)] V(x3, ¥3)]
Hence L, X L, is modular.
Conversely, Let L; X L, be modular, let x;, x,, x3 € L;, x; = x3
And yy, Y5, ¥3 € Ly, y1 = ys then (xq, y1), (x2, ¥2), (x3,¥3) € Ly X L,
And (x4, ¥1) = (x3, y3). Since L; X L, is modular .
We find ,
(1, y1) A [(x2, ¥2) V(x3, ¥3)] = [(x1, ¥1) 1 (X2, ¥2)] V(x3, ¥3)]

Or, (x1,y1) ALl x2Vx3,y,Vys 1 =((x1 A X2, ¥1 AY32) V(x3,¥3))
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Or, (x1 N (x2Vx3), y1 A(Y2VY3)) = ((x1 A x3) VX3, (y1 NY2) VY3)
X1 A(xVx3) = (X1 A X3) VX3
V1A (Y2VY3) =1 A y2) Vs

~ Ly and L, are modular. =

Problem 2.1.8. Show that a lattice L is modular iff satisfies the identity
xvlya)aly v)=(xA(y va) v(y12)

Solution:
Letx,y, z€ L

Firstly, (x v(y 12)) A (y v2)

= XAy V) v(yaz) Ay vz)) [by definition of modularity]
= Kxalyva)vyaz) [~y 1) Ay v2) =(y 1 2)]
=>xvya))alyv)=xaly va) vy 1z)

Conversely, (x 1 (y v2)) V(y 12)
=xviyaz)a(ly vz vy 12))
=xviyaz)aly vz [y A2) vy v2) =(y v2)]
~(xAy V) vyaz)=xvya) Ay va)
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Theorem 2.1.9. If a, b are any elements of a modular lattice then
[a, N az, a1] = [az, a; Va,]
Proof:
We know an interval in a lattice is a sublattice. We establish the isomorphism.
Defineamap : [a; A a,, a1] = [a,, a; Va,] suchthat ¥(x) = x Va,.
X C [a; A ay, a;]. Then ¥ is well defined as x € [a; A ay, a;] implies that
a; Na, < X< aq; impliesthat (a; Na,) Va, <X Va, < a; Va, implies that
a, <XVa, < a; Va,
Implies that x Va, € [b, a; Va,]. Also x; = x,
Implies that x; Va, =x, V a,
Implies that ¥ (x;) = ¥(x,),
¥ isone -- oneas let ¥(x,) = ¥(x,), thenx; Va, =x, Va,
Implies that a; N (x; Va,) =a; A (x, Va,)
Implies that x; V' (a; N a,) =x, V(a; Aa,) implies that x; = x, .
Yisontoaslety € [a,, a; Va,] be any element.
We show that a; /Y is the required pre-image.
y € [a,, a; V a,] impliesthata, <y <a; Va,
Impliesthat a; Aa, <a; Ay<a; A(a; Va,)impliesthata; Aa, <a; Ay<a
Impliesthat a; Ny € [aq 1 ay, aq].
Also, ¥ (a; N1Yy) =(aq NY) Va,, sowe need showy = (a; NY) Va,
Now,y < a; Va, impliesthaty A (a; Va,) =Yy
Impliesthaty =y A (a, Va,; )=a, V(y A1a,).
Hence ¥ is onto.

Again, x; < x, impliesthat x; Va, <x, Va,
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Implies that ¥ (x;) < ¥(x,)

Now, x; Va, <x, Va,

Implies that a; /1 (x; Va,) < aq A (x, Vay)
Implies that x; V(a; A a,) < x, V(ay N1ay)
Implies that x; < x,. Thus x; < x,

Implies that ¥ (x;) < ¥(x,).

Hence ¥ is an isomorphism. =

Modular and distributive lattice are so closely related to each other that some of the results
patterning to these could be studied together.
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2.2 Distributive Lattice :

Definition 2.2.1. A lattice L is called a distributive lattice if

aAabvec=(@ab)v(@aasac) va,b,ce L

Theorem 2.2.2. A distributive lattice is always modular but converse is not true.
Proof:

Suppose L is distributive, let a, b, c € L with ¢ < a, then
an(bve)=(@aab) v(asac)=a v(bac),thus L is modular .

for this converse, consider the lattice

Fig. 2.3
it is easy to check that Mg is modular. InMs,a A (b Vc)=aAl=a.
@nb)v@ac)=0v0=0.ie,aA(bvc)+(anab)v(anac).

Therefore L is not distributive. ]
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Theorem 2.2.3. Two lattices L, and L., are distributive iff L; X L, is distributive.
Proof:

Let L; and L, are distributive, let (x; , y1), (x2 , ¥2), (x5, y3) be any three
elements of L, X L, then x;, x,, x3 € Ly and y;, y,, y3 € L,.

Now, (x1 , y1) A [(xz , ¥2) V(x3,¥3)] = (x1, 1) A (x2 VX3, 2 Vy3)
= (%1 A (x2 Vx3), y1 1 (y2 VY3))
= ((x1 Ax2) V(%1 Ax3), (V1 N1Y2) V(y1 1Y3))
=[(x1 A X2, y1 N y2) V(X1 Az, y1 AY3)]
= [(x1, y1) A (x2, ¥2)] Vs, y1) A (x3, ¥3)]
Shows L; X L, is distributive.
Conversely, let L; x L, be distributive.
Let x,, x5, x3 € Ly and y;, y,, y3 € L, be any elements , then
(1, y1), (2, ¥2), (x5,y3) € L; X L, and as L, X L, is distributive .
(1, y1) A1z, y2) V(x3, y3)]
= [0y, y1) A (x2, ¥2)] VI(x1, y1) A (x3, ¥3)]
e, (X1, 1) A (02 Vs, ¥2 Vys) = (X1 AX2, Y1 AY2) V(X1 AX3, Y1 AY3)
Or, ((xy /1 (x2 Vx3) , y1 A (y2 V¥3))
= ((x1 Ax2) V(X1 Ax3), (y1 A y2) V(V1 NY3))
Which gives, x; /1 (x; Vx3) = (x1 Ax3) V(X1 Nx3)
Y1 A Y2 Vys) = (1 Ay2) V(1 AY3)

Implies that L, and L, are distributive . |
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Definition 2.2.4. For a distributive lattice let J(L) denote the set of all nonzero joint-irreducible
elements regarded as a poset under the partial ordering of L. For a € L set

r@@ ={x|x<a,xe J(L)}

= (@] nJ(L)

Theorem 2.2.5. Let L be a finite distributive lattice, then the map p:x —r(x) is an isomorphism
between L and H (J (L)).

Proof :

Since L is finite, every element is the join of nonzero join-irreducible elements
thus ,

X=Vr(x)
Showing that p is one-to-one. Obviously, r(x) N r(y) =r (x Ay) and
SO0 (X AYy)p=Xp Ayp. The formula (X Vy)p =Xp AYyp is equivalent to
rixvy) =r(xu r(y)
To verify this formula, note that r(x) U r(y) <r (x vy) is trivial.
Now letx € r (x Vy),thena=a A (x Vy)
=(@nx)v(@ay);
Thereforea=a A xora=a Ay, since a s joint-irreducible. Thus a € r(x) or
a € r(y), thatisa € r(x) U r(y).

Finally, we have to show that if A € H(J(L)), then xp = A for some x € L. Set x = Va. then
r(x) 2 A is obvious. Leta € r(x) ;

Thena=aAx=aAVA=V(@ab) be A
So,a=aAbforsomeb e A.

Implying that a € Asince A is hereditary.. m
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Theorem 2.2.6. A modular lattice is distributive iff it does not contain any sublattice
isomorphic to Ms.

Proof :

Let L be modular , but non distributive , and choose x, y, z € L such that
XAy vz) # (xAy) V(X Az). The free modular lattice generated by x, y, z is shown in figure

Fig2.4

By inspecting the diagram we see that u, x4, y;, z;, v from a sublattice isomorphic to Mg. Thus in
any modular lattice they form a sublattice isomorphic to a quotient of M. But M¢ has only two
quotient lattices: M and the one — element lattice. In the former case we have finished the proof.
In the latter case. Note that if u and v collapse, then so do x A (y Vz) and (X AYy) V(X A 2),
contrary to our assumption . |
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Theorem 2.2.7. Let L be a distributive lattice, let | be an ideal. Let D be a dual of L and
I N D =&, then there exists a prime ideal P of L such that P 2 1.

Proof:

Let X be the set of all ideals of L containing I that are disjoint form D. Clearly X
is non empty, as | € X.

Let Cbeachainin XandletM=U{X| X€ C}.Ifa,be M,thenae X, b e Y, for some
X, Y € C. Since Cischaineither XS YorY c X.

Suppose X € Y, thena, b € Ysince Yisanideala V¥bcY S M. Alsoif a€ Mandb < a, then
a € X for some X € C.

Since X is an ideal, so b € X € M. Therefore M is an ideal contain I. Obviously M N D = ®.
Hence M € C, so by zorn’s lemma X has a maximal element, say P, we claim that P is a prime
ideal. If P is not prime, then there exists a, b € L with a,b € P such that a 2 b € P. By the
maximality of P((a] vVP)nD # &, ((b] vVP)ND # ®. let p va€e Dandq Vb €D for some
p,q€E P.

Then x=(p vq) A (a Vb)
=(pAaq)v@aq) V(pab) v(aab)e P

Which implies that x € P n D. which gives a contradiction. Therefore ® must be a prime ideal.
|

Corollary 2.2.8. Every ideal I of a distributive lattice is the intersection of all prime ideals
containing it.

Proof :

Let; =n (P/P 21,Pisaprimeideal of L) if I # I, thenthereisana e I; — I,
and (corollary 3.1.2)[ L be a distributive lattice, let I be an ideal of L, and leta€ Land a & I.
Then there is a prime ideal P such that P 2 7 and a € P]. Butthena & P 21 is a contradiction.
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CHAPTER IlI

Prime lIdeal and Minimal Prime n-ldeal
3.1 Prime ideal of a lattice:

Introduction: Prime ideal and Pseudo complemented of a lattice have been studied by several
authors including [7]. In this chapter we discuss prime ideals, minimal prime ideals and minimal
prime n- ideals of a lattices. In section one of this chapter we give some basic properties of prime
ideals which will be needed in the next part.

In section two of this chapter we have given characterization of minimal prime ideals of a
Pseudo complemented distributive lattice. Then we have show that every Pseudo complemented
lattice is generalized stone.

Definition: (Dual ideal) : A non empty subset F of a lattice L is called dual ideal of L if (1)
X,y € F impliesthatx Ay € F

(2)xe F,de Limpliesthatxvde L

Let L = {1,2,5,10} be the lattice under divisibility. Then {10},{5,10},{2,10} are all dual ideals of
lattice L.

10 12

Fig 3.1

A proper ideal P of a lattice L is called a prime ideal if forany x, y € L and x Ay € P implies
either x e P ory € P. Let L= {1, 2, 3, 4, 6, 12} of factors 12 under divisibility forms a lattice
then {1, 2, 4} be a prime ideal of L. But in the lattice {1, 2, 5, 10} under divisibility {1} input a
prime ideal because 2 A5=1 € {1} But 2,5 ¢ {1}.
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Theorem 3.1.1. Every ideal of a lattice L is prime ideal if and only if the lattice L is chain.
Proof:

Let L be chain, Let P be any proper ideal of L. If a A be P then as a, b are in a
chain, they are comparable. Leta < b. thena n1b = a.

Thusan1b€e P = a €l = P isprime. Conversely, Let every ideal in P be prime. To show that
L in a chain, Let a,b € L be any elemants, Let P = {xe L / x < a A b} then P in easily seen to be
an ideal of L. Thus P is a prime ideal .

Nowa Abe I, Pisprime, thusae PorbeP=a<aAbor
b<asab =asnb<a<asborasab<b<anb=a=asabor b=asAb=a<hb or
b <a. L is achain. ]

Corollary 3.1.2. Let L be a distributive lattice, Let | be an ideal of L, and let a € I be an ideal
of L,and leta € L and a € I. Then there is a prime ideal P such that P 2 and a £P.

Theorem 3.1.3. Every ideal | of a distributive lattice is the intersection of all prime ideals
containing it.

Proof:

Letl; =n{P|P 21,Pisaprimeideal of L} if I # I, thenthereisan a € [, - I,
and so by corollary 3.1.2. There in a prime ideal P, with P 2 T and a ¢ P. Butthena g P 21,
and is a contradiction. =
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Theorem 3.1.4. Let P be a prime ideal of a lattice L, then L—P is a dual prime ideal.
Proof:
Since P is a prime ideal, therefore P is non empty, . L—P is a proper subset of L.

Letxy € L—P. Thenxy € L,xyg€P=xAy€ L,xAygP@sxAye P =
XE Porye PasPisprime) = xAy€e L-P.

Again, letxe L—P,1€ L. Thenxe L,x&P,l€ L
=XxVIle Lx¢égP=xVIe L,xVI¢gP(asxVvlie P=xe Pasx<x Vl).
Thus X VI € L—P. i.e L—P is dual ideal.

Now letx vy e L—P,thenx vye Lx vyg¢P =xy€ L, x¢Pory¢P
(asxye P=xVvyeP)=xe L-Porye L-P.
e L—Pisadual primeideal. m
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3.2 Minimal prime ideals:

A prime ideal P of a lattice L is called minimal, if there does not exists a prime ideal Q such that
QcPh.

The following lemma is a fundamental result in lattice theory: e . f [7,lemma 4pp ,169]. Through
our proof is similar to their proof, we include the proof for the convenience of the reader.

Minimal prime ideals and stone (generalized) lattices have been studied extensively by many
authors including [12], [13],[14],[15],[16],[17],[18] and [19]. Chen and in Gratzer [20] and [21]
studied the construction and structures of stone lattices. Katrinak has given a new proof of
construction theorem for stone algebras in [22] and studied these algebras in [23].

Theorem 3.2.1. Let L be a lattice with 0. Then every prime ideal contains a minimal prime
ideal.

Proof:

Let P be a prime ideal of L and let R denote the set of all prime ideals Q contained
in P. Then R is non-void, since 0 € Q and Q is an ideal: infact, Q is prime. Indeed, ifa A1b €Q
for some a, b e L, thena A b € X for all X € C; since X is prime, either a€ X or b € X. Thus
either Q= N(X]a € X) or Q = n (X| b € X) proving, that a or b € Q. Therefore, we can apply to R
the dual form of Zorn’s lemma to conclude the existence of a minimal member of R. =

Theorem 3.2.2: Let L be a distributive lattice with 0, the following conditions are equivalent.
(1) L is normal.

(i) Each prime ideal of L contains a unique minimal prime ideal.

(iii) Each prime filter of L is contained in a unique ultrafilter of L.

(iv) Any two distinct minimal prime ideals are comaximal.

(v) Forall x,y € L,x Ay=0 implies (x]* v (y]* = L.

(vi) x Ay]*=(X]* v(y]* forall x,y € L. ]

Remark: Here (x]* we means relatively Pseudo complement of (x].

Dense set: D(L) = {a €L :a*=0}, D(L) is called the dense set.
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Theorem 3.2.3. In a stone algebra every prime ideal contains exactly one minimal prime ideal.
Proof:

Let L be a Stone algebra and let P be a prime ideal of L.We need prove that P
contains exactly one minimal prime ideal. Suppose P contains two distinct minimal prime ideals
Q and Q,. Choose x € Q; — Q, (Q1 & Q, , since Q, is minimal and Q, = Q,, hence Q; — Q,
+ 0),

Sincex Ax* =0 € Q,, X £Q, and Q, is prime, so x* € Q,, L — Q4 is maximal dual prime ideal,
hence it is a maximal dual ideal of L.

Thus, (L — Q) V[X) =L and so, x A1 a =0 for some a € L — Q,, therefore, x* >a€ L — Q,
implies that x* & Q,. Hence x* € Q, — Q4. Similarly, x*€ Q, so x* and x** both contained in
p. implies that 1 = x* vx** € P, which is a contradiction that P is a prime ideal of L. Thus in a
Stone algebra every prime ideal contains exactly one minimal prime ideal. =

Theorem 3.2.4. Let L be a sectionally Pseudo complemented distributive lattice and p be a
prime ideal in L. Then the following conditions are equivalent:

(1) p is minimal

(ii) x € p implies (X]* ¢ p
(iii) x € p implies (X]** < p
(ivypnD(L)=9

Proof :

(i) implies (ii)

Let P be minimal and (ii) fail, that is a* € P for some a€ P. Let D = (L—P) V [a), we claim
that 0 ¢ D. Indeed, if 0 € D, then g na =0 for some g € L—P, which impliesthatq <a€ P,a

contradiction. Thus there exists a prime ideal Q disjoint to D. Then Q £ P since Q n (L—P) = @,
and Q # P since a ¢ Q, contradicting the minimality of P.

(i) implies (iii)
Indeed, x* A x** =0 € P forany x € L thusifx € P then by (ii) x* € P, implying that x** € P.
(iii) implies (iv)

Ifa€ P nD(L)forsomea€ L, thena** =1 &P, a contradiction to (iii), thus P n D(L) = @.
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(iv) implies (i)

If P is not minimal, then Q < P for some prime ideal Q of L. Let x € Q—P. Thenx Ax*=0€Q
and x & Q: then x*€ QcP which implies that x V' x* € P. As x V x*€ D(L); thus we obtain
X Vx*€ P n D(L), contradicting (iv). Hence P is minimal. ]

Definition:

(stone lattice): A distributive Pseudo complemented lattice L is called a stone lattice if for each
aElL a*var**=1.

0

Fig. 3.3

Theorem 3.2.5. A prime ideal P of a stone algebra L is minimal iff P =[P n S(L)];.
Proof:

Suppose P is minimal, let x€ [P N S(L)];. Then x < r for somer € P n S(L)
implies that r € P and r € S(L) implies that r € P implies that x € P implies that
[P nS(L)],cP (i)

Again let x € P, since P is minimal so, x** € P, Thenx € P N S(L), as x < x**,
sox € [P N S(L)], impliesthatP < [P n S(L)], (i)

From (i) and (ii) P =[P n S(L)], Conversely, letP =[P n S(L)], and letxe P thenx <r
forsomere P n S(L)
implies that x** < r** = r implies that x** € P. Hence P is minimal. ]
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Theorem 3.2.6. A distributive lattice with Pseudo complementation is a Stone algebra iff every
prime ideal contains exactly one minimal prime ideal (G. Gratzer and E. T. Schmidt [1957b]).

Proof:

Let L be distributive lattice with Pseudo complementation. If L is a Stone algebra,
every prime ideal contains exactly one minimal prime ideal.

Conversely, let L is not a Stone lattice and let a € L such that a* va** # 1. Then there exist a
prime ideal R such that a* va** € R. We claim that (L-R) ¥a*) = L then there exist an x € L-R
such that x n1a* = 0.

Then a** > x € L—R implies a** € L—R. Which is a contradiction. So (L-R) V[a*) # L. Let F
be a minimal dual prime ideal containing (L—R) V' [a*) and let G be a minimal dual prime ideal
containing (L—R) Vv [a*). We set P = L—F and Q = L—G. Then P and Q are minimal prime
ideals such that P, Q < R. Moreover P # Q, because a* € F = L—P and hence a* € P; thus
a** e Pbuta** ¢ Q. ]

Theorem 3.2.7. Let L be a distributive with 0 and 1. For an ideal | of L. We set I* = {x|x 21i=0
for all i€ I}; Let P be a prime ideal of L. Then P is minimal prime ideal iff x € P implies that
(X]* < P (T.P. Speed).

Proof:

By the definition of 1*,(x]* ={y|y 4 x =0} as x* A x =0 implies that x* € (x]*
implies that (x*] < (x]*, again let z € (x]*, then then z A x =0 implies that z < x* implies that
z € (x*] implies that (x]* < (x*] implies that (x]* = (x*]. Now suppose P be a minimal prime
ideal and x € P, then by the theorem x* & P implies that (x*]£ P implies that (x]* < P.
Conversely, if for x € P, (x]* £ P and if possible. Let P is not minimal then there exist a prime
ideal Q such that QcP. Letx e Pc Q.

Now, x* Ax =0 € Q implies that x* € Q implies that x € P implies that (x*] <P implies that
(X]* <P which is a contradiction. Hence the proof. =
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Theorem 3.2.8. Every Boolean lattice is a Stone lattice. But the conversely is not necessary
true.

Proof :

Let L be a Boolean lattice. Then for each a € L, its complement a’ is also the
Pseudo complement of a. Moreover, a* Va** =a' Va" = a’' Va =1. Hence L is also Stone.

Observe that 3-elements chain is a Stone lattice.

For a* va**=0 v0* =0 r1=1. But it is not Boolean, as a has no complement.

1

0e
Fig. 3.4

In theorem 3.2.3, we have proved that in a Stone lattice every prime ideal contains a unique
minimal prime ideal. In the following lattice, observe that (c] is a prime ideal and it contains two
minimal prime ideals (a] and (b]. Hence it is not a Stone lattice.

1

0
Fig. 3.5

Also by 3.1.1, we know that in a Stone lattice L, a Vbe S(L) for all a, b € L. In above lattice
observe thata Vb = ¢ ¢ S(L). Hence L is not Stone.

Let L be a Stone lattice, then S(L) = { a*|a€ L } is called skeleton of L. The elements of S(L)
are called skeletal. L is dense if S(L) = {0,1}, < S(L) ; 4, 1,*,0,1 > is a Boolean algebra. =
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Definition:
(Generalized stone lattice): A lattice L with O is called generalized stone lattice if
(X]* v(X]** =L foreach x € L.

Theorem 3.2.9. A distributive lattice L with 0 is a generalized stone lattice if and only if each
interval [0,x], 0 < x € S is a stone lattice.

Proof :

Let L with O be a generalized stone and let P € [0,x]. Then (p]* v (P]** = L. So
X € (p]* v (P]** impliesx =r vsforsomer € (p]*, s € (p]**. Nowr € (p]* impliesr AP =0
also 0 <r < x. Suppose t € [0,x] such thatt AP =0, then t € (p]* implies t A s = 0. Therefore,
tAX=tA(rvs)=@AAr) vV(EAas)=(@{Ar) vO=(tAr)impliest=(t Ar)impliest<r.Soris
the relative Pseudo complement of P in [0,x], i.e r=p* since s € (p]** and r € (p]*, Sos A r =0.
Letq € [0,x]. Suchthatg Ar =0. Thenasx=r Vs,soqAX=(qAr) V(g As)impliesq=qgAs
implies g <s. Hence, s is the relative Pseudo complement of r = p* in [0,X] i.e s = p** implies
X=r Vs=p* vp**. Thus [0,X] is a stone lattice.

Conversely, suppose [0,x]. 0 < x € L is a stone lattice. Let p € L, then p Ax € [0,p]. Since [0,p]
is a stone lattice, then (p A X)* V (p A X)** = p, where (p A x)* is the relative Pseudo complement

of (p A x) in [0,p].

Therefore p € ((p] N (p A xX]* v ((p] N (p A X]**, So, we can take p =r Vs, for r € (p A X]*,
s€e (pAX]**. Now, re (p Ax]* impliesr Ap Ax =0 impliesr Ax =0 implies r € (x]* and
SE (p AX]*. Now p A x< x implies (p /4 X]**< (x]**, and so s € (x]**. Therefore
p=rvse (X]* v(x]**and so, L < (x]* v (x]**. But (x]* v(x]** <L is obvious.

Hence (x]* v (xX]** =L and so L is generalized stone. ]

Theorem 3.2.10. A distributive Pseudo complemented lattice is a Stone lattice L if and only if
for any two minimal prime ideals P and Q. P Q = L.

Proof:

Suppose L is a Stone lattice and P, Q are two minimal prime ideals. IfP v Q # L
then there exists a prime ideal R containing P V' Q. This means that R contains two minimal
prime ideals, which is a contradiction to theorem 3.2.6 as L is a Stone, therefore P V¥Q = L.
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Conversely, suppose the given condition holds and R is a prime ideal of L. Then R cannot
contain two minimal prime ideals P and Q, as otherwise R > P ¥ Q = L. Therefore again by
theorem 3.2.6, L is Stone. [
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3.3 Minimal prime n-ideal

Minimal prime ideals and Stone (generalized) lattices have been studied extensively by many
authors including [12], [13], [14], [15]. Chen and in Gratzer [16] and [17] studied the
construction and structures of Stone lattices. Katrinak has given a new proof of construction
theorem for Stone algebras in [18] and studied these algebras in [19], [20] and [21].

In this part we introduce the concept of minimal prime n-ideals and generalize some of the
results on minimal prime ideals. Then we used these results to generalize several important
results on stone and generalized stone lattices in lattices in terms of n-ideals.

A prime n-ideal P is said to be a minimal prime n-ideal belonging to n-ideal I if ,
M1<cP, and
(i) There exists no prime n-ideal Q suchthatQ # Pand I € Q C P.

A prime n-ideal P of L is called a minimal prime n-ideal if there exists no prime n-ideal Q such
that Q # P and Q < P. Thus a minimal prime n-ideal is a minimal prime n-ideal belonging to

{n}.

Theorem 3.3.1. Let L be lattice with medial element n. Then every prime n ideal contains a
minimal prime n-ideal.

Proof:

Let p be a prime n-ideal of L and let R be the set of all prime n-ideal Q contained
in p. Then R is non-void, since P eR. If Cisachainin Rand Q =n(x:x € C), then Q is a hon-
empty as n € Q and Q is an n-ideal, in fact, Q is prime.

Indeed, if m(a, n, b) € Q for some a, b € L, then m(a, n, b) € x for all X € C. since X is prime,
either a € x or b € x. Thus, either Q = N(x:a € x) or Q = N(x:b € x), provingthata € Q orb € Q.
Therefore, we can apply to R the dual form of zone’s lemma to conclude the existence of a
minimal member of R.

If L is a distributive lattice with n € L, then we already know that F,(L) is a distributive lattice
with {n} as the smallest element. So we can talk on the sectionally Pseudo complementness of
E, (L) is called sectionally Pseudo complemented if each interval [{n}, <aj................. a,>nj] is
Pseudo complemented.

That is for {n} € < by.....cc.c......b>n © <a,q................a,.>N. relative Pseudo-complement
<bjeiiiiiiinnn, b,>nin[{n}, <a;................ a,->n] belongs to E,(L).
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Now we give a characterization of minimal prime n-ideals of a distributive lattice L. when F, (L)
is seasonally Pseudo complemented. To do this we establish the following theorem. ]

Theorem 3.3.2. Let L be a distributive lattice and n € L be a medial element. Then for any
LJE L), (I NnJ)*NnI=J*nNlI.

Proof:

Sincel NJ< J.SoR.H.S € L.H.S. To prove the reverse inclusion, let x € L.H.S.
Then Xe€ I and m(x, n, t) =n forall t €l n J. Since x €I, So m(x, n, j) €I N J. Thus
m (x, n, m(x, n, j)) = n. But it can be easily seen that m (x, n, m(x, n, j)) = m(x, n, j). Thus implies
m(x,n,j) =nforall jeJ. Hencex e RH.S andso LHS S RH.S. Thus (I nJ)*NnI=J*nNI.
|

Theorem 3.3.3. Suppose n is medial element of a lattice L. If | € J. I, J€ [,(L) then
() I =I*nJand (ii) I** =1** N J.

Proof :

(1) is trival. For (ii), using (i) we have, I** = (I*)* n J = (I* n J)*. Thus,
**=1**nJ. u

Theorem 3.3.4. Let n be a medial element of a distributive lattice L. Suppose F,(L) is
sectionally Pseudo complemented distributive lattice and p is a prime n-ideal of L. Then the
following conditions are equivalent.

(i) P is minimal.
(if) x € P implies < x >,*Z P.
(iii) x € P implies < x >,** C P.

(iv)PNnD(< t >,)=0@ forallte L-P, whereD(< t >,)={X€ L<t>,:<x>,*={n}}
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Proof:
(i) = (i)
suppose P is minimal. If (ii) fails, then there exists x € P such that < x >,* < P. since P is a

prime n-ideal, then P is a prime ideal or a prime filter. Suppose P is a prime ideal. Let
D=(L—-P)V[x).Weclaimthat n D. Ifne€ D,thenn=q Axforsomeqe L-P.

Then < g>,N<x>,=<(q A x)V(g A n)V(x A n)>,={n} implies < q >, < x >,*C
P. Thus g € P which is contradiction. Hence n & D. Then there exist a prime n-ideal Q with
QND=0.ThenQ €PasQn (L—P) =@ and Q # P, since x £ Q. But this contradicts the
minimality of P.

Hence < x >,* <P. Similarly, we can prove that < x >,* < P if P is a prime filter.
(i) = (iii)

Suppose (ii) holds and x € P. Then < x >,* & P. Since < x >,*N< x >,** ={n} P and P
is prime, so < x >,** CP.

(iili) = (iv)

Suppose (iii) holdsandteL — P. Letx € PN D(<t >,), Thenx € P, x € D(< t >,). Thus
<x>,*={n}and so <x>,**= <t >, By (iii) x €P implies < x >,**< P. Also by
theorem, < x >, **N< x >, **N<t >,,. Hence <x>,**Nn <t>,= <t>, and so
<t>,C <x>,*cP.Thatist € P, which is a contradiction. Therefore P n D(< t >,)) = @
forall te L-P.

(iv)= (i)

Suppose P is not minimal. Then there exists a Prime n-ideal ¢ c P Let x € P — Q. Since
<x>;N<x>={n}cQso <x>,*<Q cP.Thus <x >, V<x>,*CP.

Choose any t €L — P, then <t >,n(<x>,V<x>,* € P) Now <t>,Nn(< x>,V

<x >p*)=(< t > N< x SOUL t > N< x >F)=<m(t,n x) >, UL t>,N< x >,) <
t>, = <m(t,nx)>, Vv(<m(nx)>* N <t>, )=<m(t,nx) >, V<m(t,nx) >,*
where < m(t,n, x) >,* is the relative Pseudo complement of < m(t,n,x) >, in <t >,. Since
E,(L) is sectionally Pseudo complemented < m(t,n,x) >,* is finitely generated and so
< m(t,n,x) >, V< m(t,n, x) >,*is afinitely generated n-ideal contained in < t >,,.
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Therefore < m(t,n,x) >, v <m(t,n,x) >,* = <r >, for some r € <t >, Moreover,
<r > ;*=<m(t,n,x) >, N <m(t,nx)>,**={n}. Thus, r € P n D(< t >,). Which is a
contradiction. Therefore, P must be minimal. ]
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CHAPTER IV

Distributive Lattice with Pseudo complementation

Introduction: In lattice theory there are different classes of lattices known as variety of lattices
class of Boolean lattice is of course the most powerful variety. Throughout this chapter we will
be concerned with another large variety known as the class of distributive Pseudo complemented
lattice. Pseudo complemented lattice have been studied by several authors. [2],[3],[4].[8].[5].[6]

A Pseudo complemented distributive lattice is a distributive lattice L with 0, 1 such that for each
a € L there is a greatest element a* which is disjoint with a. The problem referred to above is
then: what is the most general Pseudo complemented distributive lattice in which a* v a** = 1.

We shall deal exclusively with Pseudo complemented distributive lattices. There are two
concepts that we should be able to distinguish: a lattice <L; A, V> in which every element has a
Pseudo complement, and an algebra <L; A, V0,1 > where <L ;A,;,0,1> is a bounded lattice and
where for every a € L. The element a is a Pseudo complement of a. We shall call the former a
Pseudo complemented lattice and the latter a lattice with Pseudo complementation (as an
operation) the same kind of distinction that we make between Boolean lattices and Boolean
algebras. Thus a Pseudo complementation is an algebra < 2,2 >, where as a lattice with Pseudo
complementation is an algebra of type < 2,2,1,0,0 >. To see the difference in viewpoint, consider
the finite distributive lattice of the following figure. As a distributive lattice has twenty-five
sublattices and eight congruences, as a lattice with Pseudo complementation has three sub
algebras and five congruences.

Fig. 4.1

Thus , for a lattice with Pseudo complementation L, a subalgebra L, is a {0,1} sublattice of L
closed under * (i.e a € L; implies that a*e L; ). A homomorphism @ is a {0,1} homomorphism
that also satisfies (x,®)*=x*®. If there is any danger of confusion, we call such a homomorphism
a-homomorphism. similarly, a congruence relation ® will have the substitution property also for
* > a=b 0 implies that a* = b* (0).
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Definition :
Pseudo complemented element : Let L be a lattice with 0 and 1 for an element x € L, element
x* € L is called Pseudo complement of x if x Ax*=0andx Ay =0 (Vy €L)impliesy < x*.

Definition :

Pseudo complemented lattice : Let L be a bounded distributive lattice, let a € L, an element
a*e L is called a Pseudo complemented of a in L if the following conditions hold i)ana* =0
(i) v xe L,aAx=0implies that x < a*.

Fig 4.2

Also bounded lattice L is called Pseudo complemented if its every element has a Pseudo
complement.

For a lattice L with O we can talk about sectionally Pseudo complemented lattice.

A lattice L with 0 is called sectionally Pseudo complemented if interval [0,x] for each x € L is
Pseudo complemented of course every finite distributive lattice is sectionally Pseudo
complemented.

Example :
1=0*

c=a*

a=c* 0=1*

Fig. 4.3
The lattice L ={0,a,b,c,1} shown by the fig. 4.3 is Pseudo complemented.

S(L): S(L) = {a"|all a € L} = Set of all pseudo complemented lattice.
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1. Introduction of some stone algebra : A complete lattice is called algebraic if every element
is the join of compact elements.

Example : Let L be a join semi lattice with O then I(L), the set of all ideas of L under “ < ” is an
algebraic lattice.

In the literature, algebraic lattice are also called compactly generated lattice. Just as for lattices a
nonvoid subset | of a join semi lattices S is an ideal if, for a,b €S, we have a v bel iff
aand b € 1. Again I(S) is the poset of all ideals of S partially ordered under set inclusion. If S has
a zero, then I(S) is a lattice.

Theorem 4.1.1. A lattice L is algebraic iff it is isomorphic to the lattice of all ideals of a join
semi-lattice with 0.

Proof:

Let S be a join semi lattice with 0, we have to prove that I(S) is a complete lattice,
we claim that v a € S, [a] is a compact in I(S).

Let X cI(S)and (@] cV (I 1 € X)now V(1] 1€ X)={x|x<t; V......... Vt,, ti € I, 1; € X}
Thereforea<t; V.ooeeoeeo.... Vit t; € I;, I; € XThuswith X; ={1;............. I, ¥@a] < UI;
€ X; ©X) Therefore (a] is compact in I(S). Now for any I € I(S), | = I/{(a] | a € L) Hence I(S)
is algebraic and so any lattice L is isomorphic to I(S) is also algebraic.

Conversely, let L be an algebraic lattice and let S be the set of all compact elements of L
obviously 0 € S.

Moreover clearly join of two compact elements is again a compact element. So S is a join semi
lattice with 0. Now consider the map ®:L— I(L) is define by @ (a) = {x € S |x < a} obviously ®
maps L into I(S). By the definition of an algebraic lattice a = |/® (a) and so & is one-one.

To prove that @ is onto, let 1€1(S), a = VI then ®(a) 2 1. Now, let x € ®(a), then x €S,
X < a VL. By compactness of x there exists a finite subset I; < | such that x < [/I;. This implies
x €landso | € @(a). Therefore & is onto.

Also d(anb) ={xe S|x<asb}
={xe Sx<a}Axe Sx<b}=>d(a) 1 d(b)

Also ®(a vb)={xe S|x<aVvb}
={xe Sx<a}v{xe S|x<b}=d(a) vo(b)
® is a homomorphism. Therefore it is an isomorphism. ]

43



Theorem 4.1.2. Every distributive algebraic lattice is Pseudo complement.
Proof:

Let L be a distributive algebraic lattice. Then L = I(S) for some distributive join
semilattice S with 0, I(L) is complete. Let I,I,, € I(S), we have to show that I A (V1,)=WUI A i)

of course V(I A 1) €1 A (V) 0]

Letx € I A (V) then,x € IandX € VI impliesthat X< I, V................... I, for some
Iki € Ik1’ Ikzlkn € Ikn ImpIIeS that xe Ikl Vi wkn

impliesthatx€ I A (L, Veeoooooovooooc . VI )= (U AL) Voo TA L)
impliesthat I A (V1) € LI A1) (i)

From (i) and (ii) V(I A 1) =1 A (W) implies that 1(S) holds JID implies that 1(S) is Pseudo
complemented implies that L is Pseudo complemented . ]

Theorem 4.1.3. Let L be a Pseudo complemented meet semi-lattice. S(L) = {a*/a€ L}. Then the
partial ordering of L partially orders S(L) and makes S(L) into a Boolean lattice. For
a, b e S(L) we have a nb € S(L) and the join in S(L) is described by a Vb = (a* 2 b*)*.

Proof:
The following result have been proved in congruence part.

Ha<a**

(if) a < b implies that a* > b*

(i) a* = a***

(iv)ae S(L) iffa=a**

(v) a,b € S(L) implies thata A b € S(L)

(vi) For a,b € S(L) Sup, (L) {a,b} = (a* 2 b*)*

For a, b € S(L) define a Vb = (a* A b*)*, then (v) and (vi) < S(L); A V> is a bounded lattice.

Since forae S(L)a1a*=0and (a Va*) = (a* Aa**)* = 0* = 1 implies that S(L) is
complemented lattice. Now we need only to show that S(L) is distributive.
Forx,y,zeS(L),xn1z<x v(yAz)andy Az< X V(y Az) Thereforex Az A(x V(y A2))*=0
impliesthat x N (z /X V(y A2))* =0 impliesthatz A (x V(y A2))* < x*

Againy Az Ax V(yAz))*=0

oryA@zmx viyaz)*=0

SZAX VY AD)* <y
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We can write z A (X V(y A12))* < x* Ay* consequently, z A (X V(y 12))* A (x* Ay*)* =0,
Which implies that z /1 (x* Ay*)* < (x V(y A2))** Now the left hand side is z /1 (x Vy) [by for
a,beS(L)

Sup(L){a,b}=(a* 2 b*)*] and the right hand side is x V' (y /4 z) [by a € S(L) iff a=a**].
Thus we have z /1 (x Vy) < X V(y A z) which is distributive. ]

Definition: A distributive Pseudo complemented lattice L is called a stone lattice if x* Vx** =1
foreachx € L.

Fig. 4.4

A finite distributive lattice with only one atom is a stone lattice. A distributive lattice with
Pseudo complementation L is called a stone algebra if and only if it satisfies the condition.

a* rva** =1

which is called stone identity.

Theorem 4.1.4. A distributive Pseudo complemented lattice is a stone lattice iff (a vV b)** =
a** vb** forab e L.

Proof:

Let L be a stone lattice then we have (a A b)* =a* vb*foralla,b € L.
Now (a vb)** =((a vb)*)*
= (@* Ab*)* =a** vb**.

Conversely, let (a Vb)** =a** vb**fora, b € L.
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Since L is a Pseudo complemented lattice, then fora € L, a 2 a* =0 implies that
(a A@*)** = 0** implies that a** A a*** =0 implies thata** na* =0

Now (a Va*)* =a* na** =0 implies that (a Va*)** = 0*

implies that a** va*** =1

implies that a** va* =1

L is a stone lattice. ]

Theorem 4.1.5. Let L be a Pseudo complemented meet semi lattice and let a,b € L then
(@b)* = (a** Ab)* = (a** A b**)*,

Proof:

Since L is a Pseudo complemented meet semi lattice, then a < a** implies that
a A b< a** A b implies that (a 4 b)* >(a** 4 b)* Q)

Again b< b** implies that a** /A b< a** A b** implies that a** A b< a** /A b**
implies that (a** A b)* > (a /A b)***

implies that (a** A b)* > (a A b)* (i)
From (i) and (ii) we have, (a A b)* = (a** A b)* (iii)
Again, b < b** implies that a** 1 b < a** /A b**

implies that (a** A b)* > (a** /A b**)* (iv)

Again, a**< a**** implies that a** A b**< a**** A p**
- (a** A b)**
implies that (a** A b**)* > (a** 2 b)***
implies that (a** A b**)* > (a** A b)* (v)

From (iv) and (v)
@** Ab)* = (@** Ab**)* (vi)

From (iii) and (vi)
(@ Ab)* = (@** Ab)* = (a** /A b**)*, ]
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Theorem 4.1.6. Let L be a Pseudo complemented distributive lattice, then for each a € L, (a]
is Pseudo complemented distributive lattice in fact the Pseudo complement of x € (a] in (a] is
X* Aa.

Proof:

Let x € (a] thenx A (x* 1a) = (X A1x*) Aa= 0 Further if x At=0thent < x*
implies that t 1a < x* Aa implies that t < x* /& implies that x* 2 a is the Pseudo complement
of x. Implies that (a] is a Pseudo complemented distributive lattice. ]

Theorem 4.1.7. For a distributive lattice L with Pseudo complementation, the following
conditions are equivalent.

(i) L is a stone algebra.

(i) (@ab)y*=a* vb*fora,b e L.

(iii) a, b € S(L) implies that a Vb € S(L).

(iv) S(L) is a subalgebra of L.
Proof:
(1) implies (ii)
Let L be a Stone algebra, we shall show that a* 1 b* is the Pseudo complement of a 4 b.
indeed, (@ Ab) A (a* vb*)=(abaa*) v(aab Ab*)

=0 ab) v(@a0)

=0vo0
=0.

If@Ab) Ax=0,then (b A1x) 1a=0,
and so b A x < a*. Meeting both sides by a** yieldsb A1 x 1a** < a* 1a** = (;
that is, b /1 (x 2a**) =0, implying that, a** A x < b*

We have, a* va** =1, by Stone’s identity.
L X=XALl=xA@* va**) = (x1a*) V(x 1a**)< a* vb*.
implies that a* 1V b* is the Pseudo complement of a 1 b
implies that (a 1 b)* = a* vb*.
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(i) implies (iii)

Leta, b € S(L),thena=a**, b =Db**
~aVb=a** vb** = (a* Ab*)* = (a vb)**
implies that a Vb € S(L).

(iiii) implies (iv)

Fora,b e S(L),a vbe S(L)

Also a* = a**, b* = b**

Now, a Vb = a** vb** = (a* /1 b*)*
= (a vh)**
=avb

i.e., S(L) is a sub-algebra of L.

(iv) implies (i)

Let S(L) is a sub algebra of L.
Thena* va** = (ana*)*=0*=1. Hence L isa Stone algebra. ~m
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4.2 Induction and congruence

Construction of Pseudo complemented lattice : An algebra, < L;A, V;*,0,1> where A, Vare
binary operation, = is a unary operation, 0, 1 are nullary operations is called a lattice with Pseudo
complementation if

(i) <L; A, v, 0, 1> is bounded lattice.

(it) * is a unary operation i.e. Va € L there exists a* such that
ana*=0andaAx=0Iimpliesthatx 1a* =x Vx € L.

Fig 4.5

To see the difference in view point, consider the finite distributive lattice of Fig. (4.4). As a
distributive lattice it has twenty five sublattice and eight congruences; as a lattice with Pseudo
complementation it has three sub algebras and five congruences. L as lattice:

Sublattice: {0}.{a}.{b}{c},{1}.{0,a},{0,c}{0,b},{0,1},{0,a,b,c},L {a,c}{ac,1}{b,c}{b,c,1},
{a,1},{b,1},{c,1},{0,a,1},{0,b,1},{0,c,1},{0,a,c},{0,b,c},{0,a,c,1}{a,b,c,1} = 25

L as a lattice with Pseudo complementation {0,1}, L, {0,c,1}

Congruence : As a lattice,
w = {0}{a}.{b}{c} {1}

6 = {0,a},{b,c} {1}

¢ ={0,a},{b,c,1}

¥ ={0,b}{a,c},{1}

t ={0,b}{a,c,1}

e ={0,a,b,c},{1}
9={c,1}.{a}.{b}.{0}
t={0,a,b,c,1}
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Congruences as a lattice with Pseudo complementation.
w,p,t9,T

Theorem 4.2.1. Let L be a Pseudo complemented distributive lattice

S(L) ={a*/a € L}and D(L) ={a/a* =0} thenfora,b e L
(lana*=0

(if) a < b implies that a* > b*

(im)a<a**

(IV) a* = g***

(V) (@ vb)* =a* A b*

(vi) (@ A b)** = a** A b**
(vilaab=0iffa** Ab** =0
(viilaA(@Aab)y*=aab*

(ix)0*=1land1*=0

(x)a€ S(L)iffa=a**

(xi) a,b € S(L) implies thata A be S(L)

(xii) Supsy {a,b} = (@ vb)**

(xiii) 0,1 € S(L), 1€ D(L)and S(L) n D(L) = {1}

(xiv) a, b€ D(L) impliesthata A b € D(L)
(xv)aeD(L)and a < b imply that b € D(L)

(xvi) a va*e D(L)

(xvii) x—=>x** is a meet — homomorphism of L onto S(L)

Proof :
(i) By the definition of Pseudo complementa na* =0V a€L
(i) Forb Ab*=0and a < b = a /A b* =0 which implies a* > b*

(iii) By the definition of Pseudo complement a 2 a* = a* 2a = 0. Similarly, a* # (@a*)* =0 =
a* na**=0anda* 1a=0=a<a** Hencea < a**

(iv) From (iii), a < a** implies that a* > a*** (A) [by ()]
Again a* na**=0.i.e.,a** 1a*=0.
Similarly a** A (a**)* = 0 implies that a** 1a*** =0
and a** /1 a* = 0 implies that a*< a*** (B)
From (A) and (B)
we have a* = a***, Hence a* = a***,
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(v) we have (a Vb)) A (a* vb*) =(a1a* A1b*) V(b Aa* Ab¥)
= (01Db*) v(a* 2 0) [by(i)]
=010
=0

Let(a vVb) Ax=0

implies that (a A x) V(b AX) =0

impliesthata Ax=0and b Ax =0

implies that x < a* and x < b*

implies that x < a* /1 b*

Therefore a* /4 b* is the Pseudo complement of a Vb.
Hence (a vb)* =a* 21 b*.

(vi) Let a, b € L implies that a*,b* € L implies that a** ,b** € S(L) implies that a** 1b**e S(L).
But a** /A b** is the smallest element of S(L) containing a A b. So (a /A x)** = a** A b**.

(vii) If a 2 b =0 by (vi) then a** A b** = (a A b)** = ()**=()
So, a** A b** = 0.

Conversely, if a** Ab** =0 by (ilija<a**, b<b** Vabel
then,aAb <a** Ab**=0

~aAb=0.HenceaAbiffa** Ab**=0.

(viii) Sinceanb<bso(a/nb)*>b*andsoa /(aAb)*>aAb* (A)
Again (a 1 b) 2 (a A b)* = 0 implies that

(@n(@aab)*) Ab =0, therefore a A (a Ab)* < b*

implies that a 1a 4 (a A b)* < a A b* implies that

aA(@Aab)y*<aab* (B)
From (A) and (B) a # (a Ab)* =a A b*.

Hence a /A (a Ab)* =a A b*.

(ix)yWehave 0 A/x=0vxe L and0A1=0
Butx<1vxe L.Hence0*=1
Again, 0* = 1 implies that 0** = 1* impliesthat 0 = 1* . 1* = 0.

(x) Ifa € S(L) then, a =Db* forsome b € L, buta* =a*** vae L
Now, a** = b*** = b* = a Hence, a** = a

Conversely, if a = a** then a = b*, thusa € S(L).

Hence a € S(L) iff a = a**
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(xi) Let a, b € S(L) then a = a**, b = b**.

Sincea /b <aimpliesthat (aAb)* <a**=a ~a=>(aAb)**
Again, since a A b < b implies that (a A b)** < b** =D

~ (@ A b)** < b implies that b > (a 2 b)** implies that
anb=(anb)y** (A)
Buta b < (a2b)** (B)
From (A) and (B) a nb = (a Ab)** impliesthata Ab € S(L).
If x € S(L)suchthatx <aandx <bthenx<anb.

i.e., a A b is agreatest lower bound of S(L).

Therefore a A b = Infyy {a, b} € S(L).

(xii) For a, b € S(L) since a* > a* A b* implies that

a** < (a* A b*)* [by (ii)] implies that a < (a* 4 b)* [by ()]
Again b* > a* /A b* implies that b** < (a* /4 b*)* [by (ii)]
implies that b < (a* /4 b*)* [by (i)]

~ (@a* A b*)* is a upper bound of {a, b} in S(L).

Let x € S(L) such that a < x, b < x then a* > x*, b* > x* [by (ii)]
s~ a* Ab* = x* implies that (a* /1 b*)* < x** =x

implies that (a* /4 b*)* < x.

~ (@* A b*)* is a least upper bound of {a, b} in S(L)

Supsy {a, b} = (@* A b*)*.

Again (a Vb)** = ((a Vb)*)* = (a* A b*)*

Hence Supg (., {a, b} = (@ vb)** = (a* A b*)*.

(xiii) From (ix) we have 0* = 1, 1* = 0 then 0,1 € S(L) and 1€ D(L). Let xe S(L) n D(L)
then x € S(L) and x € D(L) such that x = x**, x* =0

then x = (x*)* =0* = 1.

Hence S(L) n D(L) = {1}

(xiv) Leta, b € D(L) then a* = 0, b* = 0 implies that a** = b** = 0* = 1.

Now, (@Ab)* =a** Ab*=111=1.By(iv)(@Aab)*=(aAb)***=1*=0
implies thata /2 b € D(L).

(xv) If a € D(L) then a* = 0 and a < b implies that a* > b*.
implies that b* < a* = 0 implies that b* = 0. Hence b € D(L).

(xvi) From (v) we have (a va*)* =a* na** =a* /A (a*)* =0.
Hence a va* € D(L).
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(xvii) Let ¢: L = S(L) defined by ¢(x) = x**.
Then, p(x A1y) = (X AY)** = X** Ay** = p(X) 1 @(y).
= ¢ 1S a meet homomorphism . |

Theorem 4.2.2. Any complete lattice that satisfies the Join Infinity Distributive Identity (JID) is
a Pseudo complemented distributive lattice.

Proof :

Let L be a complete lattice. For a € L set a* =V (x|x€ L, a A x = 0). Then, by (JID),
anx*=aAV (xlaax=0)=V(aaxlaax=0)=V(0)=0suppose ax=0,thenx < a* by
the definition of a*; thus a* is the Pseudo complement of a and so L is Pseudo complemented.
|

Remark 4.2.3. The theorem shows that for stone algebra, the behavior of the skeleton and
dense set is decisive. This conclusion leads us to form the goal of research for stone algebras
and for all distributive lattice with Pseudo complementation.

Let L be a distributive lattice with Pseudo complementation. For a congruence relation ® of L.
Let O and @, denote the restrictions of ® to S(L) and D(L) respectively. Obviously, @ is
congruence relation of D(L). In S(L) the operations are X Ay, X Vy = (x* A y*)* and *, therefore
O is clearly a congruence relation of S(L). Thus <0,0,> € C(S(L)) x C(D(L)).

An arbitrary pair <¢ ,¥> € C(S(L)) x C(D(L)) will be called a congruence pair if a € S(L),
u€D(L),u>=aanda=1(p) imply that u = /(¥).

Corollary 4.2.4. Let L be an arbitrary lattice, then C(L) is an algebraic lattic.
Proof :

We already know that C(L) is a complete distributive lattice. Suppose ® € C(L)
observe that ® =V(6(a, b)la=5b O, a, b € L). Sinceevery principal congruence is compact, So
C(L) is algebraic.
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Theorem 4.2.5. Let L be a distributive lattice with Pseudo complementation. Then every
congruence relation @ of L determines a congruence pair <6g,0,>.

Conversely every congruence pair <0,,0,> uniquely determines a congruence relation ® on L
with &5 = 0, and 6, = 0, by the following rule x =y (@) iff (i) x* = y* (0,) and (i) x Vu =
y Vu (0,) forall u € D(L).

Proof :

The first statement is obvious, let @ be a congruence of L. x,yeL, x =y (0). By
theorem, X = x** A (X VX*),y = y** A (y Vy*) and x**=y**(0s), X VX* =y Vy* (0p) thus O
and @, do indeed determine 6.

Let <0,,0,> be a congruence pair and let @ be defined by (i) and (ii) @ is obviously an
equivalence relation. To show the substitution property for *, let x = y (®). Then by (i), x* = y*
(©,) and thus x** = y**(0,), which is (i) for x* and y*. Since x* = y*(0,) and S(L) is Boolean.
There is an a € S(L) such that a=1(0,;) and x* 1a=y* Aa (0,). Thus for any u € D(L). We
obtained u va =1 (0,) by the definition of the congruence pair, and so

X* VU= (X* vu)A(a vu)=(xx*1a) vu= (y* 1a) vu
=(y* vu)a(@avu)=y* vu(6,),

Proving (ii) for x* and y*. Therefore © is a congruence relation.

For x, y € S(L), X = y (®) iff x*= y* (0,) (since (ii) is trivial), and so x = y(Os) iff x =y (0;),
that is O = 0,. For x, y € D(L), (i) is trival and thus x = y (0,), iff for all u € D(L), we have
X Vu=y vu(0,), which is equivalenttox =y (0,),andso 0, =0,. =

Lemma 4.2.6. Let L be an algebra and let ® be a congruence relatin of L. For any congruence @
of L such that @ > 0O, define the relation @/@ on L/ by [x] O=[y] O (@/0) iff x = y(0).

Then @/6 is a congruence of L/@. Conversely, every convergence ¥ =@/0 for some congruence
0 =0.

Proof :

We have to prove that @/0 is well defined, (ii) is an equivalence relation, and (iii)
has the substitution property. To represent ¥ define @ by x = y(@) iff /x/ © = [y](¥)

Again, we have to verify that @ is a congruence @/0 = ¥ follows from the definition of @.
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Definition 4.2.7. A class K of algebras is said to have the congruence extension property if, for
AB € K with A a subalgebra of B and @ a congruence of A, there exists a congruence @ on B
suchthat @, = @, i.e @ restricted to A is ©.

Remark 4.2.8. Using this terminology, the class of distributive lattices D has the Congruence
Extension Property.

Theorem 4.2.9. (G. Grétzer and H. Lakser [a]). The class of all distributive lattices with Pseudo
complementation enjoys the Congruence Extension Property.

Proof :

Let L and K be distributive lattices with Pseudo complementation, let L be a
subalgebra of K, and let @ be a congruence of L given by the congruence pair <0,,0,>. It is
clear from 4.2.7 that we need only show the existence of a congruence pair <@,,0,> of K such
that (@1) sy = @1 and (D2)p() = 0.

Let /, = [1] (©;) and put J, =[], ) the dual ideal generated by J; in S(K). Then @; can be
defined as the congruence of S(K) associated with Ji, that is, [1] @, = Jk. Set | = {i/i € D(K)},
i > u for some u € J, }. Then I is a dual idesl of D(K); in fact, | = [Jx ) n D(K). By the
definition of congruence pair, we have to find a congruence @, on D(K) such that (@;)p,) = 0

and [1]@, = I, note that I has the following property:

Ifuel,ve D(L)andv < u, then there existsa v; € D(L), v; < usuch that v; € [1] 0,.
Indeed, u € I means that u > x for some x € J;, and thus v; = v Vx will do the trick.
Summarizing, to complete the proof it suffices to prove the following statement:

Let A and B be distributive lattices with 1, A a {1}-sub-lattice of B, ® a congruence of A, and | a
dual of B satisfying the condition:

If uel,v €A, and v < u, then v; < u for some v, € [i/®. Then there exists a congruence
relation @ on B satisfying @, =@and[I] @ 21.

To prove this statement, consider @ [ I ] defined by the dual of a known corollary. If a, b € A
anda=b(@/[1]),thena b= (a vb) aiforsomeie I. Thus by our assumption on I, there is
an i; € [if ®suchthati; = 1. Therefore asab=(@ Vvb)ai =(@vb)ai;=(@Vvb)yal=aVv
b (©), and so a = h(®). Having shown that (0[I], < ©, we can from A/O[I],, B/O[I], and O[I],4
/6. There exists a congruence ¥ on B/O|I] such that ¥ is restricted to A/@[I], is O[I]/O. By the
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previous lemma, there is a unique congruence @ or B such that @/@[I] =¥ and @ > O[I].
Obviously, @ satisfies the requirements. |

Theorem 4.2.10. For a Pseudo complemented distributive lattice L, define the relation R by:
X = y(R) iff x* = y*. Then R is a congruence on L and L | R = S(L).

Proof :

Given that x = y(R) <=> x* = y*, then x* = x* implies that x = x(R) implies that R is
reflective. Also if x = y(R), then x* = y* implies y* = x* implies that y = x(R) implies that R is
symmetric. Let x = y(R) and y = z(R) then x* = y* and y* = z* implies that y = x(R) implies that
R is symmetric. Let x = y(R) and y = z(R) then x* = y* and y* = z* implies that x* =z* implies
that x = z(R) implies that R is transitive. Implies that R is equivalence relation.

Now, suppose x = y(R) and t € L then x* = y* implies that x** = y**,
NOW (X A t)** = x** At** = y** At** = (y At)**

implies that (x A t)** = (y A t)**

implies that (x A t)* = (y A t)*

impliesthatx At =y At (R)

and (X V)* =x* At =y* At = (y vi)*

impliesthat x Vt=y vt (R).

So, R is congruence relation on L.

Define ¢: L | R = S(L) by ¢((a]R) = a**
Then ¢([a] 2 [b]) = ¢([a 2 b])
= (@a Ab)** = a** A b**
= ¢([a]) 1 ¢([b])
and ¢([a] v[b]) = ¢([a vb])
= (a Vb)** = (a* A b*)*
e (a*** /l b***)* - a** l/b**

= ¢([a]) vo(bl)

¢ is a homomorphism .

To show that ¢ is one-one. Let a** = b** implies that a* = b* implies that a = b(R) implies
that [a] = [b].

~ ¢ isone —one. let a € S(L) then a = a** implies that a = ¢([a]) implies that ¢ is onto.
Hence : L|R — S(L) is an isomorphism. ThereforeL|R=S(L). =
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Recommendations and Application

Conclusion and Future Recommendations: From the discussions of all previous
chapters it can be concluded and recommended that the concept of Pseudo complemented with
distributive lattice can be introduce in I,,(L); P,(L) which are normal, relatively normal etc.

Application: Lattice theory has a lot of applications in different fields. Boolean lattice
has applications in the field of hardware and software development of computer science. Also it
has wide applications in networking. It can be applied to develop theories in other branches of
algebra, such as group theory, Ring and Modules etc.

One of the major applications of Boolean lattices is in the switching systems, which are
network of switches that involve two state devices 0 and 1 for off and on respectively.
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